Let Φ be an increasing and convex function on [0, ∞) with Φ(0) = 0 satisfying that for
Introduction and preliminaries
Our first motivation in this paper comes from the classical Burkholder-Davis-Gundy inequalities, which are one of the most fundamental theorems of martingale theory; namely, for 1 p < ∞ the spaces H S p and H * p coincide due to
which can be found for example in Burkholder [1] , Davis [2] , Garsia [5] , Long [11] and for continuous time, in Dellacherie and Meyer [3] . In 1975, Pisier [15] gave the vector-valued extensions of (1.1). It was proved that a Banach space X has an equivalent q-uniformly convex norm iff for each 1 p < ∞ (or equivalently, for some 1 p < ∞) there exists a positive constant C such that
for all L p -martingales f with values in X . The validity of the converse inequality amounts to saying that X has an equivalent q-uniformly smooth norm. Recently, using Pisier's result, Liu [10] has studied the extension of (1.1) for the case of Orlicz norms. Very recently, the author [7] studied the endpoint case of (1.2) by means of the relationship between Carleson measures and vector-valued BMO martingales.
On the other hand, we also note that in recent years, the weak spaces, including their applications to harmonic analysis and martingale theory, have been got more and more attention; see for example [6, 8, 18] and [19] . In particular, very recently, Liu, Hou and Wang [9] firstly introduced the weak Orlicz space, discussed its basic properties, and investigated some martingale inequalities. Let us recall one of the main results in [9] . For Φ ∈ 2 let w L Φ denote the corresponding weak Orlicz space (see below for the definitions) then there exists a constant C Φ > 0 such that for any scalar valued
Unfortunately, the validity of the converse inequality depends on the condition that the filtration of σ -algebras (F n ) is regular (see Theorem 3.2 in [9] ).
In this paper, we improved the above result, and the superfluous condition is removed, for which the proof methods must be different. We employ the operator-valued martingale transform technique introduced by Martínez and Torrea [13] in 2000 and establish the w L Φ -inequalities for martingale transform operators with operator-valued multiplying sequences.
The key fact in order to get our desired results is to identify the q-variant operator S (q) ( f ) of a Banach-valued martingale f with the maximal operator of an q -valued martingale transform. From this point of view, it is then short and transparent to obtain our desired theorems. Our results can be regarded as the weak version of Theorem 1 in [20] , too.
In the remainder of this section we give some preliminaries necessary to the whole paper. Let Φ be an increasing and convex function on [0, ∞) with Φ(0) = 0. It is well known that any convex function like this has the form
where φ(t) is a positive, increasing, finite-valued and left continuous function on [0, ∞). Φ is said to belong to 2 , if for
It is equivalent to the fact that
Φ is said to be strictly convex if
Let X be a Banach space. Let (Ω, F , P) be a complete probability space, f a random variable with values in X defined on Ω. As well known, the Orlicz space L Φ (X) consists of all X -valued measurable functions satisfying EΦ(c f ) < ∞ for some c > 0 with the norm
where E denotes the expectation with respect to F . We know that L Φ (X) is a Banach space. We refer to [16] for some well-known facts on Orlicz spaces. For instance
Now we consider the set of all X -valued measurable functions
Some basic facts on weak Orlicz spaces were discussed in [9] 
martingale difference sequence of f . We will use the following standard notations from martingale theory
Following [9] , we define the martingale spaces as follows
If we change the quasi-norm · w L Φ in the above definition by the norm · L Φ , we get the corresponding Orlicz martingale spaces. We refer to [5, 11] and [17] for more facts on scalar valued martingale theory, and [4] and [10] for the vector-valued case.
Remark 1.1. For a convenience, we also use M n (df ) to denote sup 1 k n df k .
In [9] , the following maximal inequality was proved.
One main tool in our proofs will be martingale transforms with operator-valued multiplying sequences, defined and studied in [12, 13] and [14] ; now we give the definition. Definition 1.3. Let X 1 and X 2 be two Banach spaces. Let L( X 1 , X 2 ) denote the space of all bounded linear operators from
Then the martingale transform T associated to υ is defined as follows. For any X 1 -valued
is called the martingale transform of f by the multiplying sequence υ. T will denote the martingale transform operator.
Throughout the paper the notation C Φ will denote a positive constant, which only depends on Φ but never on the martingales in consideration, and which may change from line to line.
Main lemmas
Now we give a fundamental lemma, which is the weak version of Theorem 1 in [20] . (1) There exists a positive constant C such that
In order to prove the last lemma we shall need a w L Φ -version of the Davis decomposition. That is the content of Lemma 2.4 below. We first introduce the following "Good-λ" inequality, see [9] . 
We now recall a well-known inequality as follows; see for example Lemma 2.4.3 in [11] . Let (Z n ) be a nonnegative process, not necessarily being adapted. Then for 1 p < ∞,
The following is the w L Φ -version of the above inequality. Lemma 2.3. Let (Z n ) be a nonnegative adapted process, then for any Φ ∈ 2 , there exists C Φ such that
For any β > 1 and δ > 0, we define the stopping time,
Then by Neveu's convex lemma, we have
It follows from Lemma 2.2 that there exists C Φ such that
It is obvious that g = (g n ) n 1 and h = (h n ) n 1 are martingales, and dg n 4M n−1 (df ).
It follows that 
By the boundedness of the sequence (υ k ) we get
Setting W n = 4M n−1 (df ), then W n is nondecreasing and F n−1 -measurable. Fix λ > 0. For β > 0, δ > 0 satisfying β > δ + 1, define the stopping times:
Now we denote u n = 1 {μ<n ν∧σ } . Since {μ < n ν ∧ σ } is F n−1 -measurable, we can consider the martingale a n = 
By the condition (1), we get
it is easy to see
Now we take δ to satisfy 1 − ρC β > 0, then
, without loss of generality, suppose that C > 1, by the convexity we get
According to the homogeneity of the weak Orlicz quasi-norm, we have
It follows from (2.1) that
We shall use Gundy's decomposition, see [11] . Fixing λ > 0 we can decompose f = a + b + e with a, b, c being martingales and satisfying respectively:
where K is an absolute constant. Then
Moreover, we have
The technical estimate is the third part. For a convenience, q Φ is simply denoted by q. Since
Therefore,
To the martingale e = (e n ) n 1 , noting that e n K λ or equivalently K λ e n 1, we then get
Without loss of generality, we can assume that e w H Φ 0
. Then by the condition (4),
Noting that for any n,
It follows from (2.2) that
The proof is complete. 2
Martingale inequalities and embeddings
Applying Lemma 2.1, by handling the two concrete martingale transform operators, we easily obtain some inequalities on weak Orlicz martingale spaces. As usual, the geometric properties of the underlying Banach space are important.
The two following lemmas are due to Liu [10] .
Lemma 3.1. Let X be a Banach space. For 2 q < ∞, the following statements are equivalent:
(1) X is isomorphic to a q-uniformly convex space.
(2) There exists a constant C > 0 such that for any X -valued martingale f
Lemma 3.2. Let X be a Banach space. For 1 < q 2, the following statements are equivalent:
(1) X is isomorphic to a q-uniformly smooth space.
Theorem 3.3. Let X be a Banach space. For 2 q < ∞, the following statements are equivalent:
Proof. Consider the martingale transform operator T from the family of X -valued martingales to that of
for x ∈ X , where x j = x if j = k and x j = 0 otherwise. T is the martingale transform associated to the multiplying sequence (υ k ):
Since X is isomorphic to a q-uniformly convex space, by Lemma 3.1, the martingale transform operator T satisfies (1) in Lemma 2.1. Thus the equivalence is obtained immediately. 2
Now we can conclude the following embeddings. (1) X is isomorphic to a q-uniformly convex space.
Theorem 3.5. Let X be a Banach space. For 1 < q 2, the following statements are equivalent:
Define the martingale transform operator R from the family of
. R is the martingale transform associated to the multiplying sequence (υ k ):
Now for any X -valued martingale f with f n = n k=1 df k , we can choose the
Since X is isomorphic to a q-uniformly smooth space, by Lemma 3.2, the martingale transform operator R satisfies (1) (1) X is isomorphic to a q-uniformly smooth space. (1) X is isomorphic to a Hilbert space.
(2) For any Φ ∈ 2 , there exists C Φ such that 
(4) For some Φ 0 ∈ 2 with q Φ 0 > 1, there exists C Φ 0 such that
Proof. It is well known that a space which is both 2-uniformly smooth and 2-uniformly convex is isomorphic to a Hilbert Conversely, any of these equations implies that X is isomorphic to a Hilbert space. Obviously, our theorems improved the recent results in [9] .
